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1) Show that / sin” z cos® xdr = —
0 560
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Hint: In the Beta function definition B(a,b) = / (1 - t)b_l dt use the substitution ¢ = sin” .
0
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2) Show that /erf(ac) dx =z erf(z) + C _+e
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Hint: Use integration by parts.

3) Show that J_1(z) =4/ % CoS T
2 T

4) Solve the differential equation zy” + (1 — )y’ + 3y = 0 using power series method. Find a polynomial
solution.
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5) Show that In 1 T 2z F (5, 1, X 962) where F' is the hypergeometric function.
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ANSWERS

1
1) We know that B(a,b) = / (1 - L‘)b_1 dt. Let's use the substitution t = sin® .
0

1
B(a,b) = /ta—l (1—0)""dt
0
B . 2a—2 ) b—1 .
= / sin x(l—sm m) 2 sin x cos xdx
0
g
= / 2sin? " 1 cos?* !z dx
0

['(a)T(b
We also know that B(a,b) = %, so:
a

sin?* 'z cos® gy dr =

/72r . 2a-1 2b b I'(a)T'(b)
0 2

Now insert a = 4, b = 5 to obtain
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/ 2sin” z cos’ zdr =
0
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2) Let's use integration by parts to evaluate /erf(x) dxr where u = erf(z) and dv = dx.

2
dr, v=ux.
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We know that erf(x) = 7/ e " dt therefore du =
T™Jo

/udv = uv—/vdu

/ erf(z)de = werf(z) — / x%e—ﬁ dz
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= zerf(z) — —= [ e 2zda
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! —* (—2z)d
= xerf(x)jtﬁ/e (—2x)d
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= xerf(z) + ‘
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3) Let's use the explicit summation formula

(@) = ; Kl F(/(f_—l)u 1) (g)%_y

Fktsy) = (k=3)T(k-3)

_ (2k—1)(2k;k3)...5.3_1ﬁ

Multiply and divide by (2k)(2k —2)---6-4-2 to obtain:

(2Kk)!
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Insert this in the explicit formula above:
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4) Let's insert the series y = Z arz”® in the equation zy” + (1 — 2)y’ + 3y = O:
k=0

x Z k(k — Daga®™2 + (1 — z) Z kapr" ' 43 Z apz® =0
k=2 k=1 k=0

Z k(k — 1aga™ " + Z kapaeh—t — Z kapa® + Z 3apzt =0
k=2 k=1 k=1 k=0

Replace k by k + 1 in the first and second summations.

ik—l—lkakﬂx +Z (k+ Dagx —Zkakx —i—ZSakx =0
k=1 — = —

a; + 3ag + Z [(k + 1) %5 — (k — S)ak} zF =0

k=1
k—3
= a; = —3ay, ak+1:ﬁak for k=1,2,3,...
1 3 1 1 0 0
Qg = a1—2a0, as = 9a2— 6a0’ ay = as =
Let's choose ag = 6. In that case, a; = —18,a, = 9,a3 = —1.

y(r) = —2° + 92° — 182 + 6

This is 6 times L3(x). (Laguerre polynomial of order 3.)

5) Let's use Taylor series expansions:
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