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1) Show that / Vze ™ do = \/T%
0
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2) Evaluate / Va(l—z)de.
0
3) Show that / e dt = vr erf(2) — = e ",
; 32 8

4) We are given a set of functions F,,(x) that satisfies the recurrence relations

2 Fala) = Faa(®) + Faa(a)

2F(x) = Foa(z) = Fo(e)

Find a second order ODE whose solution is F},(x).

5) Show that

e” = Iy(x) + QZ I,(x)
e =Io(x) +2> (=1)"I,(x)

where [,,(x) is the modified Bessel function of order n.



ANSWERS

1) Use substitution u = 2* = du = 3z°dz.
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Using the definition of gamma function as I'(z) = / " 'e ™ dx we obtain
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2) Beta function definition is: B(z,y) = / N 1=t dt
0
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Using B(xz,y) = i(é)i y) we obtain
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3) Let's use integration by parts to evaluate / 2e=4 gt
0
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Using the definition of the error function erf(z) = — [ e " dt we obtain
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4) Adding and subtracting these equations, we obtain:

TE(@) +Fi(x) = Fia()

CE@) = Fy(x) = Fua()

By changing indices and rearranging:

n—+1
Fn(x) = T Fn+1(x) + Fr/L+1<$>

Fo(z) = an(m)—FA(fﬁ)

Insert F),1(z) from second equation in the first:

Fu(e) =" [2 Rue) - )] + 2 Bu) - i)

T T

Fw) =" pw) - " ) - L)+
Fu(r) = % Fola) =~ Fi(e) = F(2)
F(w) + 5 Fio) + Fale) = 55 Fula) = 0

2*F)(z) + 2F)(z) + (2 = n®) Fo(z) =0

This is Bessel's ODE!



5) We know that the generating function for modified Bessel's function is

n=—oo

Choosing t = 1 we obtain

e’ = Z I,(z)

n=—oo

Note that I,(z) = I_,(z):

e’ = Iy(z) + QZIn(aj)

Similarly, choosing ¢t = —1 we obtain
e =Y IL(z)(-1)"



